Host-parasite systems provide powerful opportunities for the study of spatial and stochastic effects in ecology; this has been particularly so for directly transmitted microparasites. Here, we construct a fully stochastic model of the population dynamics of a macroparasite system: trichostrongylid gastrointestinal nematode parasites of farmed ruminants. The model subsumes two implicit spatial effects: the host population size (the spatial extent of the interaction between hosts) and spatial heterogeneity ('clumping') in the infection process. This enables us to investigate the roles of several different processes in generating aggregated parasite distributions. The necessity for female worms to find a mate in order to reproduce leads to an Allee effect, which interacts nonlinearly with the stochastic population dynamics and leads to the counter-intuitive result that, when rare, epidemics can be more likely and more severe in small host populations. Clumping in the infection process reduces the strength of this Allee effect, but can hamper the spread of an epidemic by making infection events too rare. Heterogeneity in the hosts' response to infection has to be included in the model to generate aggregation at the level observed empirically.
INTRODUCTION
Parasitic nematode worms are a major cause of morbidity in human and animal populations (Anderson & May 1991; Grenfell & Dobson 1995; Michael et al. 1996) . Gastrointestinal nematode parasites of farmed ruminants are responsible for millions of dollars of lost revenue annually, and, with the emergence of high levels of anthelmintic drug resistance, it is clear that control strategies need to be optimized to deal with resistance. Biologically realistic modelling has an essential role in the formulation of these control strategies. Host-parasite interactions are also interesting from a theoretical point of view, providing some of the clearest and most widely studied examples of 'natural enemy' population dynamics (Anderson & May 1991; Grenfell & Dobson 1995) and of coevolution (Anderson & May 1982; May & Anderson 1990; Ebert & Hamilton 1996) . The fitness of parasites is related to their capacity to invade and persist in host populations, so a synthesis of the modelling of population dynamics with genetics is essential for understanding this coevolutionary arms race (Poulin et al. 2000) .
Realistic models of the gastrointestinal-macroparasiteruminant system must account for a variety of effects (Roberts 1991 (Roberts , 1999 ). An almost ubiquitous feature of parasitic infections is the observation of patchy (aggregated) distributions of worms in hosts, which may be caused by spatial heterogeneity (such as clumped infections), heterogeneous host responses to infection or stochastic dynamic effects Pacala & Dobson 1988) . The sexual aspect of parasite reproduction is expected to be important when worm burdens are low, for instance in the early stages of an infection, as female worms have difficulty finding mates (May 1977) . Because host numbers are managed in these systems, the major density-dependent nonlinearity is the impact of the host's immune response on parasite demographic rates. The establishment, mortality and reproductive rates of parasites can be dependent upon the host's immune response, which has been modelled as both an age-related (Smith 1988 ) and a history-related (Anderson & May 1985; Berding et al. 1986; Grenfell et al. 1987a; Roberts & Grenfell 1991) process. Deterministic models can be constructed that allow for variability in host infection by assuming a fixed distribution of worm burdens . These methods can be extended to allow for a level of aggregation that evolves with time (Kretzschmar 1989; Pugliese et al. 1998) . Together, these methodologies provide a powerful phenomenological description of the effects of aggregation. However, that approach does not take account of the origins of aggregation.
Fully stochastic and hybrid models have been developed, which are able to consider the generation of aggregation (Tallis & Leyton 1969; Hadeler & Dietz 1983; Kretzschmar 1989; Barbour & Kafetzaki 1991; Adler & Kretzschmar 1992; Kretzschmar & Adler 1993) . However, these have generally focused on only parts of the interaction (see Kretzschmar & Adler (1993) and Saul (1995) for exceptions). Previous models have concentrated on the dynamics within a single host, either by ignoring the contribution to the pool of infective larvae from the hosts' own parasites and assuming a constant infection rate (Grenfell et al. 1995; Herbert & Isham 2000) or by considering a population of parasites in a host interacting with a 'private' population of larvae, so that the offspring of this parasite population can only reinfect the same host (Marion et al. 1998) . In reality, hosts live in populations (here, herds), so there is a system of interacting parasite subpopulations. Stochastic effects such as extinction will be sensitive to the size and social structure of this population, especially because the dynamics contain nonlinear aspects.
A unified approach is needed to link together the mechanisms that give rise to aggregation and the effects that this aggregation has on the progress of the epidemic. In this paper, we model explicitly the dynamics of the interacting populations of larvae and mature parasites in a finite population of hosts. We focus on a system involving trichostrongylid nematode parasites in a cohort (herd) of initially uninfected domestic lambs. In this system, the host population structure is particularly simple, because, in a managed situation, the herd size can be assumed to be constant over the duration of one season and we do not have to consider overlapping cohorts of hosts. An explicit spatial approach is inappropriate at this initial modelling stage, because the hosts are likely to sample the field in a complex way (Gruner & Sauve 1982) . Nevertheless, we find that implicit spatial effects (defined in § 2) are an essential element of the dynamics. Because the parasites reproduce sexually, the need for female worms to find mates leads to a population threshold beneath which epidemics are unlikely (essentially an Allee effect; Allee 1931); the importance of this is dependent both on the host population size and on clumping effects in the infection process. The outcome of parasite epidemics can then be very sensitive to stochastic and spatial effects.
BIOLOGICAL SCENARIO AND MODELLING APPROACH
There are several trichostrongylid species that infect domestic ruminants, including Haemonchus contortus, Teladorsagia circumcincta and Trichostrongylus colubriformis. Their life cycles are similar and well documented, albeit with different life-history parameters (Michel 1976; Grenfell et al. 1986 Grenfell et al. , 1987a Smith et al. 1986 Smith et al. , 1987a Coyne & Smith 1994) . Eggs in the faeces of hosts pass out on to pasture, where they hatch and undergo a series of moulting stages, eventually developing into infectious L3 larvae. Infectious larvae may be ingested by a host, whereupon they may eventually develop and become established as sexually mature parasites in the abomasum (small intestine for T. colubriformis). In the presence of a male, mature female parasites mate on a daily basis and produce eggs at a rate of hundreds or thousands per day. The host's immune response acts both by preventing ingested larvae from becoming established as mature parasites within the host, and by contributing to the mortality of mature parasites. We are interested in studying the system for a period of one season, in which a single cohort of uninfected lambs are put onto infested pasture in the spring and removed in the autumn. This is appropriate for sheep farming in temperate climates such as in the UK (Smith et al. 1999) .
Our stochastic models are based on standard biological assumptions used in deterministic models by Smith (1988) and others Smith et al. 1987a (see figure 1) , corresponding to the assumptions that eggs hatch and mature rapidly on pasture into infectious larvae, and that ingested larvae, if they become established, establish instantaneously as sexually mature parasites. Male and female parasites are equally abundant on average, as are male and female larvae. Parasites in the hosts undergo densitydependent mortality, whereas larvae on pasture die at a constant rate. Eggs are produced at a constant rate by every female parasite that occupies a host containing at least one male. (ii) Clumped infection process-eggs are deposited on pasture in faecal clumps, so we expect a spatially heterogeneous distribution of larvae on pasture. Passive dispersal of larvae, and faecal-avoidance behaviour by hosts may mitigate this. However, we still expect a highly aggregated pasture distribution (Grenfell et al. 1995) . This may be modelled by a clumped infection process, depicted in figure 2 , where a number of larvae are ingested simultaneously in each infection event, leading to aggregated parasite burdens (Tallis & Leyton 1969) . The larvae in a clump are the offspring of the mature worms in a given host, so the typical size of the clumps increases when the worm burdens increase. Larvae in a clump can die, so the size of each clump decreases with time. Initially, hosts are uninfected; infection is started by a small number of larvae that have overwintered from the previous season. It is appropriate to model infection by these overwintered larvae in terms of clumps that each contain only a single larva, as there will have been a relatively high level of accumulated larval mortality since the previous year. (iii) Host immunity-the host's immune response is modelled in two ways (Smith 1988 ). In the first, the probability that a larva becomes established as a mature parasite is assumed to be a decaying sigmoidal function of host age. The second effect of the host's immune response is to induce parasite mortality. It is common to model the host's immune response as being dependent upon the history of infection and infection challenges, rather than being dependent solely upon the instantaneous level of infection (Anderson & May 1985; Berding et al. 1986; Grenfell et al. 1987a; Roberts & Grenfell 1991) . However, the introduction of additional immunity variables to describe the system complicates the analysis, so, for the purposes of this article, we concentrate on the simplest case, where parasite mortality depends only upon the current number of worms in the host, as described above and as modelled in Smith (1988) .
A more complete model would include dispersal of larvae from clumps into the background, a variable infection rate as the host's intake of food changes with age and suppression of parasite fecundity as a result of the host's immune response. Because our aim is to study the phenomena that arise from spatial and stochastic aspects, the model is as simple as possible.
The system is represented by explicit populations of mature male and female parasites in each host and a distribution of larvae over the pasture (see figure 1 and a complete specification in electronic Appendix A). The population dynamics (production of eggs, infection of hosts and mortality of larvae and parasites) are stochastic. The hosts are expected to move randomly and extensively over the pasture, so each host is at each instant equally likely to ingest each clump of larvae. Nevertheless, we are able to take implicit account of two spatial aspects of this system. First, by varying the herd size we are able to investigate the effects of the spatial scale of the system, either the physical size of the field containing the herd or the size of social groups of hosts. Second, the clumped infection process models the spatial heterogeneity of larvae on pasture.
To classify the effects of space and stochasticity, it is instructive to compare the outcomes with those from a deterministic model without these ingredients, but with otherwise similar biological assumptions. The model is Proc. R. Soc. Lond. B (2004) obtained by taking the limit of the stochastic model where there are infinitely many hosts and the clumping parameter approaches zero, and is represented by the following equations:
where P is the number of mature parasites per host, L is the number of larvae per hectare of pasture, H is the host density per hectare, is the larval-encounter rate per host, is the egg-production rate per female parasite, L is the larval mortality rate, P = 0 P ϩ 1 P P is the mature-parasite mortality rate, (t) = 1/(1 ϩ Ce bt ) is the probability of the establishment of ingested larvae as mature parasites, and ⌸(P) is the mating probability. For values used for the variables see table 1. In the rest of the paper, we shall use the term 'parasite' to refer specifically to sexually mature adult parasites in the hosts. The parameter ⌸ models the reduction in female fecundity as a result of the possibility that a female may find herself in a host that contains no males (May 1977; Anderson & May 1991) . This mating probability can be calculated for an assumed distribution of worm burdens; for example, if the worm burdens have a Poisson distribution (which is appropriate for a system with low variability early in the season) then ⌸ = 1 Ϫ e ϪP /2 ; other distributions change the form of ⌸ but not the qualitative form of the solutions to equations (2.1) and (2.2). Kao et al. (2000) have recently published a summary of parameter values for nematode parasites of sheep, quoting a value of the basic reproductive quotient Q 0 (Heesterbeek & Roberts 1995) of 15-16 for sheep farming in the UK. It is not straightforward to compare that value directly with an equivalent value obtained from the present model, because parasite establishment in equations (2.1) and (2.2) is age dependent, leading to timedependent values of Q 0 of 41.0 at t = 0, 20.1 at t = 20 days and 6.98 at t = 40 days. The two models can never be equivalent, though they have comparable values for Q 0 after one or two generations of adult parasites, and we believe that our qualitative conclusions are not affected by the parameter values.
Aggregation could be a result of the spatial stochastic dynamics of transmission or of differing epidemiological parameters between hosts Pacala & Dobson 1988) . In the rest of the paper, we focus first on space, and then consider host heterogeneity.
NON-CLUMPED INFECTION: THE EFFECT OF HERD SIZE
To investigate the effects of sex and stochasticity on the population dynamics of this system, we first consider the case where infection is a Poisson process: that is, larvae are ingested one at a time. This corresponds to the limit a → 0 in the stochastic model defined in electronic Appendix A. We assume biologically realistic values of the epidemiological parameters, as found in Smith et al. (1999) and in table 1. The free parameters are then the initial conditions (level of infestation of pasture, all hosts uninfected) and host population (herd) size.
Numerical integration of the deterministic equations (2.1) and (2.2), illustrated in figure 3, shows a sharp increase in P (and a corresponding increase in L, not shown in the figure) in the early stages of the epidemic. Later on, as the hosts' immune responses cause densitydependent mortality in the hosts and reduce the probability that ingested larvae become mature parasites, both L and P reach a peak, and then die off exponentially as the basic reproduction quotient, Q 0 , falls below unity. This 'spring rise' in larval and adult abundances is the standard pattern for data and models of this system (Coyne et al. 1991) . The size of the epidemic depends upon the initial level of infestation, L(0). When this is very high the peak of the epidemic is limited primarily by the density-dependent mortality in the hosts, whereas when L(0) is very low the worm burdens are small in the early stages of the epidemic, and the mating probability ⌸(P) dramatically reduces the rate of proliferation of the parasites and hence the size of the epidemic.
In the stochastic formulation of the system, when the initial infestation is high, the outcome is similar to that of the deterministic model. Figure 3 shows the mean number of worms per host (averaged over many realizations) for a level of initial infestation L(0) corresponding to an initial infection rate per host, (0)L(0), of 0.5 larvae d and the worm burdens do not vary much between realizations. The mean number of worms per host does not depend strongly on herd size and is very similar to that for the deterministic model (equations (2.1) and (2.2)). Clearly, because the worm burdens are typically high (except for the early stages, where no reinfection has taken place and the worm burdens are therefore Poissondistributed), stochastic effects are weak.
However, where the initial infestation level is low, the worm burdens depend strongly upon the herd size. Figure  4 shows mean worm burdens for an initial infection rate of 0.005 larvae host Ϫ1 d
Ϫ1
. All the simulation results we show in this paper are averaged over sufficient realizations that the statistical uncertainty is smaller than the size of the symbols used in the figures; for example, in figure 4 we carried out tens of thousands of realizations for 1500 hosts and several million for five hosts. One might expect the smaller herds to have more frequent extinctions (as there is a much lower chance of one population of parasites being rescued by the population in another host) and therefore lower worm burdens on average, but in fact the opposite trend is observed. This surprising result is a consequence of the requirement that a female worm be mated to produce eggs; when the mean worm burdens are low, this requires an uneven distribution of parasites between hosts. However, in small herds, the relative effect peak worms per host Figure 5 . Complement of the cumulative probability distribution across realizations of the peak number of worms per host (i.e. the probability that the peak worms per host exceeds the value on the x-axis) for unclumped infection and a low level of infestion (initial infection rate of 0.005 larvae host Ϫ1 d Ϫ1 ). Solid line, five hosts; dashed line, 50 hosts; dotted line, 500 hosts.
of fluctuations is greater: there is a stronger positive feedback, because a host is more likely to reinfect itself than in larger herds. Thus, the rare events required for an epidemic to take off are more likely to occur in small herds. The heightened extinction rate for small herds is still present, but for the case shown in figure 4 its effect is swamped by the effect of the heightened mating probability.
This increased probability of an epidemic is illustrated in figure 5 . This figure shows the complement of the cumulative probability distribution across realizations of the peak number of worms per host (i.e. the probability that the maximum number of worms per host over the season exceeds the value on the x-axis). The stepping in the curves is a result of the fact that worm numbers are integers. For 500 hosts, there are almost never more than a few worms per host. Meanwhile, although epidemics of several thousands or tens of thousands of worms per host are always uncommon, they are much more frequent in small herds. The herd-size dependence of the epidemic size may also be interpreted in terms of the mating probability (May 1977) ; this is discussed in electronic Appendix A.
CLUMPED INFECTION
Faeces are spatially concentrated on pasture, and larvae move on a scale of centimetres after hatching (Gruner et al. 1976; Gruner & Sauve 1982) . The distribution of larvae on pasture is therefore very likely to be spatially heterogeneous, and this can be modelled by a clumped infection process (known to lead to aggregated distributions of worm burdens; Tallis & Leyton 1969) .
The model captures this by assuming that the eggs produced in each host in each day reside in a number of faecal 'clumps', and then allowing the hosts to encounter 'clumps', rather than individual larvae, at random. We introduce a new parameter-the clumping parameter, asuch that the mean size of the clumps is equal to the expected number of eggs produced in the day multiplied by a. Mortality of larvae in each clump proceeds as before. When a host encounters a clump, it simultaneously ingests all the contents of the clump; the clumps in our model therefore reflect the number of larvae ingested at once, which need not necessarily be all the larvae in one faecal deposit. We keep the mean encounter rate per larva per hectare constant and vary the clumping parameter (i.e. either rare encounters that result in large clumps being ingested, or frequent encounters where small ones are ingested). This is illustrated schematically in figure 2. In the simulations, the day on which each faecal clump is produced can be recorded, so it would be straightforward to implement age-dependent survival rates. The results shown assume a constant larval mortality rate. When the initial infestation level is high, we find as before that the mean behaviour is essentially deterministic, and there is also very little sensitivity to the clumping parameter: the worm burdens resemble the results in figure 3. When the infestation level is low, the results are sensitive to herd size. Figure 6 illustrates the results for a small clumping parameter, showing a general trend for large herds to have lower worm burdens. The trend is qualitatively similar to that in figure 4, except that it is not monotonic: the burdens for the smallest herd size are lower than for the nextsmallest herd size. This is a result of intermittent infection: as time progresses and worm burdens increase, the clumps of larvae on pasture become larger but the host encounter rate per clump remains constant. The hosts have rarer but more severe encounters than in the unclumped case, which leads to an enhanced chance that the larvae die off on pasture before being ingested. The extinction rate relative to the unclumped case is increased, and this effect is stronger in small herds. Overall, however, the trend is very similar to that observed for non-clumped infection in § 3, as we would expect.
By contrast, however, for larger values of the clumping parameter (figure 7) the trend is for larger herds to have more worms per host. Because several worms are ingested at once, it is rare for a female to be unmated, so the larger fluctuations in small herds do not significantly increase the mating probability. However, smaller herds do have more extinctions, and hence fewer worms on average.
(a) Host heterogeneity
One can also use this model to estimate the level of variability in worm burdens between hosts, but to observe realistic values one has to introduce some level of host heterogeneity Pacala & Dobson 1988; Grenfell et al. 1995) . We now assume that the mean rate of acquisition of mature parasites differs between hosts, specifically that has a gamma distribution (Evans et al. 1993) with shape parameter ␥. This can reflect either differing immunological competences or different rates of consumption of herbage. The coefficient of variation of this distribution is ␥ Ϫ1/2 . An appropriate metric for overall variability is the variance-mean relationship (Shaw & Dobson 1995) measured at the peak of the epidemic (i.e. the instant at which the total number of worms is at its maximum). Each point in figure 8 corresponds to the (within-herd) variance and mean number of parasites per host at the peak of one realization of the stochastic simulation model. The different symbols correspond to different initial infection rates, whereas the colours correspond to different levels of host heterogeneity. Although there is a high degree of stochastic variability between realizations, there is a well-defined curve for each level of host heterogeneity. The lines correspond to what would be observed if the distribution were a negative binomial with shape parameter k. Empirically observed values for k are typically in the range 1/3 to 5 (Barger 1985) ; it is clear from figure 8 that low levels of host heterogeneity are insufficient to produce this level of aggregation, but we find good agreement with a coefficient of variation of 50% or greater.
CONCLUSIONS
To our knowledge, this is the first time that a stochastic mechanistic model has been used to investigate the effects Proc. R. Soc. Lond. B (2004) of spatial scale and clumping on the dynamics of macroparasites. Even though the model explores the simplest epidemiological scenario (one cohort of hosts with no parasite-induced mortality), the results reveal complex patterns owing to the interaction of noise and nonlinearity. Our simulations show that stochastic and spatial effects can be important under conditions in which epidemics are rare events. This finds echoes in the persistence of microparasites (Bartlett 1957; Anderson & May 1991; Grenfell & Harwood 1997 ). When the initial infestation level is low, so that parasite extinction is likely, the host population size becomes important, with fluctuations having a much stronger effect in smaller herds. The effect of these fluctuations is to promote both epidemics (by increasing the mating probability) and extinctions, so that a trade-off is observed. Spatial heterogeneity of larval deposits on pasture gives rise to a clumped infection process, where several larvae are ingested per infection event. This increases the mating probability and hence reduces the importance of sexual reproduction on the population dynamics.
In ecological terms, the results can be seen as the consequence of a balance between a rescue effect (Brown & Kodric-Brown 1977) -where the parasite population in one host can be rescued from extinction by immigrationand an Allee effect (Allee 1931 )-where the necessity of finding a mate introduces a threshold for populations to be sustainable. These two effects have different dependences on the host population size. A larger host population size means that there are more parasite subpopulations, and hence the total population is less likely to go extinct. However, because fluctuations in the larval population are relatively more important in small herds, the mating probability is higher and hence the Allee effect is weaker in small host populations (see figure 5) . Such effects may well be important in other systems that display an Allee effect. It would be interesting in future work to do a comparative study of different parasitic helminths, as typical worm burdens can vary greatly from species to species.
We have assumed a single herd of hosts, within which all individuals interact equally. It would be interesting to see how our results carry over to a coupled set of social groups of hosts. In a metapopulation situation, where individuals mix mainly with their own group and there is very little movement between groups, we would expect the fluctuations in the parasite population to be determined by the number of hosts in the group, though with the added ingredient of weak parasite immigration from outside the system. Spatial clumping in the infection process reduces the strength of this Allee effect, because under these conditions the mating probability does not vanish at low worm burdens. Under these conditions there is an enhanced rate of inbreeding in the parasite population, which could lead to a variety of interesting effects. We have discussed elsewhere the implications for the spread of drug resistance (Cornell et al. 2000 (Cornell et al. , 2003 . One might also expect this to lead to a skew in the parasite sex ratio (Poulin 1997 ), which has not been observed in farmed conditions. To model the observed levels of parasite aggregation, it is necessary to introduce host heterogeneity ( Our model is a stochastic spatial extension of a standard deterministic model in which immune response is a simple function of age (Smith 1988) . We have also simulated a similar extension to a deterministic model where immune response depends upon larval challenge (Roberts & Grenfell 1991 , using recently established parameter values appropriate for sheep farming in the UK (Kao et al. 2000) . The main difference is that the reproductive quotient Q 0 does not depend upon time in the experiencebased model. However, owing to the seasonal nature of the system, with oscillations in the larval-development rates and the removal of lambs for slaughter, we still find that, when rare, epidemics are more likely in smaller herds. We have also shown how this phenomenon arises within a simple branching metapopulation model (Cornell & Isham 2004) , and we expect it to apply in a very wide range of circumstances.
We have seen that even a simple scenario gives rise to complex outcomes. In the future, we will be extending this work to consider vector-transmitted macroparasites, such as lymphatic filariasis, as well as the dynamics of macroparasites in naturally fluctuating age-structured host populations.
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